We introduce Morita and Rickard equivalences over a group graded G-algebra between block extensions. A consequence of such equivalences is that Späth's central order relation holds between two corresponding character triples.
1
We present several of the results of Sections 1, 3 and 5 in the context ofḠ-graded crossed product, but note that those result can be easily shown to hold for more general stronglyḠ-graded algebras A and A ′ .
In order to take advantage of this categorical setting in Section 6 we introduce module triples (A, B, V ), where V is aḠ-invariant simple K ⊗ O B-module, and the relation ≥ c between two module triples (A, B, V ) and (A ′ , B ′ , V ′ ). Our final main result is Theorem 6.7, where we prove that if the module triples (A, B, V ) and (A ′ , B ′ , V ′ ) correspond under aḠ-graded Rickard equivalence over C = OC G (N ), then (A, B, V ) ≥ c (A ′ , B ′ , V ′ ); this, in turn, implies the relation (G, N, θ) ≥ c (G ′ N ′ , θ ′ ) between the associated character triples.
For any unexplained concepts and results, our general references are [9] and [10] . Finally, note that our approach to character triples is different from that of Turull [16] . We will discuss the precise relationship in another paper.
2 Bimodules over aḠ-gradedḠ-acted algebra 2.1. Let A = ḡ∈Ḡ Aḡ be aḠ-graded O-algebra with the identity component B := A 1 . We will assume that A is a crossed product, and we choose invertible homogeneous elements uḡ in the component Aḡ, for anyḡ ∈Ḡ. Let also A ′ be another crossed product with identity component B ′ , and choose invertible homogeneous elements u ′ḡ ∈ A ′ḡ , for allḡ ∈Ḡ. (1) C isḠ-graded, and we write C = ḡ∈Ḡ Cḡ;
(2)Ḡ acts on C (always on the left in this article);
(3) for allḡ,h ∈Ḡ and for all c ∈ Ch we have c g ∈ Ch g .
We denote the 1-component of C by Z := C 1 , which is aḠ-acted algebra. Definition 2.5. Let A and A ′ be twoḠ-graded crossed products over C, with structure maps ζ and ζ ′ , respectively. a) We say thatM is aḠ-graded (A, A ′ )-bimodule over C if:
(1)M is an (A, A ′ )-bimodule;
(2)M has a decompositionM = ḡ∈ḠMḡ such that AḡMxA ′ h ⊆Mḡxh, for allḡ,x,h ∈Ḡ;
(3)mḡ ·c = c g ·mḡ, for all c ∈ C,mḡ ∈Mḡ,ḡ ∈Ḡ, where c·m = ζ(c)·m andm·c =m·ζ ′ (c), for all c ∈ C,m ∈M . b)Ḡ-graded (A, A ′ )-bimodules over C form a category, which we will denote by A-Gr/C-A ′ , where the morphisms betweenḠ-graded (A, A ′ )-bimodules over C are just homomorphism betweenḠ-graded (A, A ′ )-bimodules. Indeed, it is obvious that (3) implies (3 ′ ). Conversely, note that by [10, Lemma 1.6.3],M ≃ A ⊗ B M asḠgraded (A, A ′ )-bimodules, where M =M 1 . Hence, for allmḡ ∈Mḡ, there exists aḡ ∈ Aḡ and m ∈ M such that mḡ = aḡm, and there exists b ∈ B such that aḡ = uḡb. Thus we have: mḡ · c = aḡmc = aḡcm = uḡbcm = uḡcbm = uḡcu −1 g uḡbm = c g aḡm = c g ·mḡ.
2.7.
We regard A ′ op as aḠ-graded algebra with components (A ′op )ḡ = A ′ op g = A ′ḡ −1 , ∀ḡ ∈Ḡ. We denote by " * " the multiplication in A ′ op . We consider the diagonal part of A ⊗ C A ′ op :
Note that ∆ C is well-defined. Indeed, considerḡ ∈Ḡ and aḡ ∈ Aḡ, a ′ op g ∈ A ′ op g ; ifx,ȳ ∈Ḡ are such thatxȳ =ḡ and ax ∈ Ax, cȳ ∈ Cȳ are such that aḡ = axcȳ, then we have
Lemma 2.8. 1) ∆ C is an O-algebra.
2) A ⊗ C A ′ op is a right ∆ C -module and aḠ-graded (A, A ′ )-bimodule over C.
Proof. 1) We define the multiplication as follows:
and if there exists somē x,ȳ,z,t ∈Ḡ such thatxȳ =ḡ,zt =h and ax ∈ Ax, cȳ ∈ Cȳ, az ∈ Az, ct ∈ Ct such that aḡ = axcȳ, ah = azct,
We have:
but ah ∈ Ah and u −1 h −1 is an invertible homogeneous element of Ah, thus there exists some b ∈ B such that
Furthermore, ∆ C is an O-algebra, because the map
is a ring homomorphism. Indeed, we check here only the multiplicative property; if c, c ′ ∈ C, then
2) In order to prove that A ⊗ C A ′ op is a right ∆ C -module, we will define the following scalar multiplication, for everyḡ,x,ȳ ∈Ḡ, aḡ ∈ Aḡ, ax ∈ Ax, a ′ op
and we check that it is well defined. Firstly, we check that the operation is C-balanced in the first factor. Let g,x,ȳ ∈Ḡ, aḡ ∈ Aḡ, ax ∈ Ax, a ′ op
On one hand we have:
y , and on the other hand we have:
and following a similar argument as in the proof of Lemma 2.8 1), we have that:
y which, in a similar way, is equal to axcaḡ ⊗ C a ′ op g a ′ op y . Secondly, we check that the operation is C-balanced in the second factor. Considerḡ,z,t ∈Ḡ and aḡ ∈ Aḡ, az ∈ Az, a ′ op
c ∈ C and somex,ȳ ∈Ḡ such thatxȳ =ḡ and ax ∈ Ax, cȳ ∈ Cȳ such that aḡ = axcȳ therefore aḡ ⊗ C a ′ op g = ax ⊗ C cȳa ′ op g . We have:
The remaining axioms are easy to verify, hence
We define the multiplication as follows: for everyḡ,h,ī,j ∈Ḡ and for every aḡ ∈ Aḡ,
This is clearly well-defined, and we will only verify the multiplicative axiom. Considerḡ,h,ī,j,x,ȳ ∈Ḡ and aḡ ∈ Aḡ, aī ∈ Aī, ax ∈ Ax, a ′ op
and on the other hand we have:
Second, it is clear that A ⊗ C A ′ op anḠ-graded (A, A ′ )-bimodule with thex-component defined by:
We check that for anyḡ,x,h ∈Ḡ we have:
Indeed, letḡ,x,h,ī,j ∈Ḡ such thatīj −1 =x and aḡ ∈ Aḡ, aī ∈ Aī, a ′ op j ∈ A ′ op j and a ′ h ∈ A ′ h . We have
ḡxh. Finally, we show that for any aḡ ∈ Aḡ, a ′ op h ∈ A ′ op h and c ∈ C, we have:
This is suggested by the following observation. Consider the algebras
which is aḠ-graded O-algebra [10, 1.6.1] and
which is aḠ-graded O-algebra of A. We clearly have the following surjective algebra homomorphism:
Thus, we have the following homomorphism
of abelian groups, hence we obtain the (A,
Theorem 2.10. The category of ∆ C -modules and the category ofḠ-graded (A, A ′ )-bimodules over C are equivalent:
A-module structure, as follows:
for allḡ,h,k ∈Ḡ, aḡ ∈ Aḡ, ah ∈ Ah, a ′ op k ∈ A ′ op k , m ∈ M . We also give a right A ′ -module structure, by defining
for allḡ,h,k ∈Ḡ, a ′ḡ ∈ A ′ḡ , ah ∈ Ah, a ′ op k ∈ A ′ op k , m ∈ M . We verify the ∆ C -balance property. Letḡ,h,k,x ∈Ḡ, aḡ ∈ Aḡ, ah ∈ Ah, ax ∈ Ax, a ′ op
We verify that (A ⊗ C A ′ op ) ⊗ ∆ C M is indeed a left A-module and a right A ′ -module. Here we only verify the multiplicative axiom.
We verify that (A ⊗ C A ′ op ) ⊗ ∆ C M is indeed an (A, A ′ )-bimodule; more exactly, we verify that
We verify that for allḡ, x,h ∈Ḡ
Step 2. LetM be aḠ-graded (A, A ′ )-bimodule over C, and denote its 1-component by M :
To see that this is well-defined, considerḡ ∈Ḡ and aḡ ∈ Aḡ, a ′ op g ∈ A ′ op g and somex,ȳ ∈Ḡ such thatxȳ =ḡ and ax ∈ Ax, cȳ ∈ Cȳ such that aḡ = axcȳ therefore aḡ ⊗ C a ′ op g = ax ⊗ C cȳa ′ op g . We have:
We verify that M is a ∆ C -module. Considerḡ,h ∈Ḡ and aḡ ∈ Aḡ, ah ∈ Ah, a ′ op
Therefore, M is a ∆ C -module.
Step 3. We prove that the functors given in the statement of the theorem are well-defined. LetM ,Ñ be twō G-graded (A, A ′ )-bimodules over C, with 1-components M :=M 1 and N :=Ñ 1 respectively. Letf :M →Ñ be aḠ-graded (A, A ′ )-bimodule homomorphism. Its restriction to M and corestriction to N gives the map
We prove that f is a ∆ C -module homomorphism. We only check the multiplicative property. Let aḡ ∈ Aḡ, a ′ op g ∈ A ′ op g and m ∈ M . We have:
Step 4. We prove that the categories ∆ C -mod and A-Gr/C-A ′ are equivalent. Let M be a ∆ C -module. By
Step 1, we know that
Indeed, we only check the multiplicative and the grade preservation properties. Letx,ȳ,ḡ,h ∈Ḡ,
For the grade preservation property, considerx,ḡ,h ∈Ḡ such thatx =ḡh −1 and aḡ ∈ Aḡ, a ′ op
in the category of allḠ-graded A-modules, denoted by A-Gr. Because A is stronglyḠ-graded, it is well known [4, Theorem 2.8.] that we have the following equivalences of categories:
where B-Mod is the category of all B-modules. Therefore, the 1-component of Φ, Φ 1 is a morphism in the category B-mod. We have that
for allḡ ∈Ḡ and for all aḡ ∈ Aḡ, a ′ op
are naturally isomorphic equivalences of categories, and their inverse is taking the 1-component (−) 1 .
Proof. In Theorem 2.10, we have already proven that ∆ C -mod and A-Gr/C-A ′ are equivalent categories, and that their equivalence is given by the functor A ⊗ C A ′ op ⊗ ∆ C −, which is well-defined and its inverse is (−) 1 . We complete the proof by also checking the properties of the functors
We begin by verifying that this definition does not depend on the choice of uh. Indeed, let vh be another invertible homogeneous element of Ah, hence there exists an invertible element of B, b, such that vh = uhb. We compute:
We verify the definition is B-balanced. Indeed, for every b ∈ B, we have that:
We verify that A ⊗ B M is a right A ′ -module. We only check that for everyḡ,h ∈Ḡ and for every a ∈ A, a ′ḡ ∈ A ′ḡ , a ′ h ∈ A ′ h , we have:
Indeed, for the left part of the equality, we have for a ′ḡ ∈ A ′ḡ and a
but uḡh, uḡ and uh being invertible homogeneous elements, there exists an invertible element u ∈ B such that uḡh = uḡuhu, henceforth
For the right part of the equality we have
To verify that A ⊗ B M is an (A, A ′ )-bimodule, it remains to prove that for everyh ∈Ḡ and for every α, a ∈ A,
Indeed, we have:
We define the x-component A ⊗ B M , for every x ∈Ḡ, by
We verify that
Indeed, for every aḡ ∈ Aḡ, a x ∈ A x , m ∈ M, a ′ h ∈ A ′ h , we have:
Step 2. Let M be ∆ C -module. We prove that M ⊗ B ′ A ′ is aḠ-graded (A, A ′ )-bimodule over C. The left A-module structure is defined as follows: For everyḡ ∈Ḡ and for every a ′ ∈ A ′ , m ∈ M and aḡ ∈ Aḡ,
We begin by verifying that this definition does not depend on the choice of u ′ḡ . Let v ′ g be another invertible homogeneous element of A ′ḡ , hence there exists an invertible element of B ′ , b ′ , such that v ′ g = b ′ u ′ḡ . We compute:
We verify that the definition is B ′ -balanced. Indeed, for every b ′ ∈ B ′ , we have:
We verify that M ⊗ B ′ A ′ is a left A-module. Here we only check that for everyḡ,h ∈Ḡ and for every a ′ ∈ A ′ , aḡ ∈ Aḡ, ah ∈ Ah, we have:
To show that M ⊗ B ′ A ′ is an (A, A ′ )-bimodule, it remains to prove that for everyḡ ∈Ḡ and for every α ′ , a ′ ∈ A ′ , m ∈ M and aḡ ∈ Aḡ, we have:
Step 3. We prove that the functors F = A ⊗ B − and F ′ = − ⊗ B ′ A ′ have as an inverse the functor G = (−) 1 . If M ∈ ∆ C -mod, then we obviously have that A ⊗ B M 1 ≃ M as ∆ C -modules. By Theorem 2.10, the functor G has an inverse
By a similar argument we get F ′ ≃ G −1 , hence we have three naturally isomorphic equivalences of categories as claimed.
for allḡ ∈Ḡ and for all aḡ ∈ Aḡ, a ′′ op
-module with the following operation:
. Moreover, we have the isomorphism
Proof. (1) We prove that M ⊗ B ′ M ′ is a ∆(A ⊗ C A ′′ op )-module with the given multiplication operation. The definition does not depend on the choice of the homogeneous invertible elements u ′ḡ ∈ A ′ḡ . Indeed, let v ′ g be another invertible homogeneous element of A ′ḡ , hence there exists an invertible element b ′ of B ′ , such that v ′ g = b ′ u ′ḡ . We compute:
We verify that the multiplication definition is B ′ -balanced. Indeed, for every b ′ ∈ B ′ , we have that:
We only check that
Indeed,
but u ′ḡh , u ′ḡ and u ′ h being invertible homogeneous elements, there exists an invertible element u ′ ∈ B ′ such that
It is easy to check that this definition is correct, and that that
Finally, by using Proposition 2.11, we get the isomorphisms
(2) We begin by proving that Hom B ′ (M, M ′ ) is a ∆(A ⊗ C A ′′ op )-module. We verify that the given definition does not depend on the choice of homogeneous invertible elements u ′ḡ ∈ A ′ḡ . Indeed, let v ′ g be another invertible homogeneous element of A ′ḡ , hence there exists an invertible element of B ′ , b ′ , such that v ′ g = u ′ḡ b ′ . We compute:
We verify that (aḡ ⊗ C a ′′ op g )f is B ′ -linear. Indeed, for b ′ ∈ B ′ , we compute:
We verify that Hom
. We only check that
We prove that Hom A ′ ( M , M ′ ) is aḠ-graded (A, A ′′ )-bimodule over C. By [10, 1.6.4.], Hom A ′ ( M , M ′ ) is aḠgraded (A, A ′′ )-bimodule with the x-component (x ∈Ḡ) defined as follows:
It remains to prove that Hom
Indeed, because f ∈ Hom
We have that f (mḡ) ∈M ′ gx . SinceM ′ is aḠ-graded (A ′ , A ′′ )-bimodule over C, we have that
On the right hand side, becausemḡ ∈Mḡ andM is aḠ-graded (A ′ , A)-bimodule over C, we have that ( c x f )(mḡ) = f ( c gxmḡ ), and since f is A ′ -linear, we obtain that
( c x f )(mḡ) = c gx f (mḡ).
According to the previous step, we have that
Because A ′ is stronglyḠ-graded, the categories B ′ -Mod and A ′ -Gr are equivalent. Therefore, 3Ḡ-graded Morita equivalences over C 3.1. Let G ′ be a subgroup of G and N ′ a normal subgroup of G ′ . We assume that N ′ = G ′ ∩ N and G = G ′ N ,
It follows that Hom
We know that A and A ′ are stronglyḠ-graded algebras, with 1-components B and B ′ respectively. We also assume that A and A ′ areḠ-graded algebras over theḠ-gradedḠ-acted O-algebra C, with structural maps ζ : C → C A (B) and ζ ′ :
For instance, if we assume, in addition, that C G (N ) ⊆ G ′ , and denoteC G (N ) := N C G (N )/N , then we may take C := OC G (N ) (we do this later in this section), which is a stronglyC G (N )-gradedḠ-acted algebra.
Proposition 3.8. Let C = OC G (N ), and assume that:
(2) M induces a Morita equivalence between B and B ′ ;
(3) zm = mz, for all m ∈ M and z ∈ Z(N ).
Then there is aC G (N )-graded Morita equivalence between C and C ′ over C, induced by theC G (N )-graded (C, C ′ )bimodule over C:
Proof. It is straightforward that C := OC G (N ) is aC G (N )-gradedC G (N )-acted algebra and that there exist C G (N )-gradedC G (N )-acted homomorphisms ζ : C → C C (B) and ζ ′ :
Now, we prove that there is aC G (N )-graded Morita equivalence over C between C and C ′ . It suffices to prove that C ⊗ B M is actually aC G (N )-graded (C, C ′ )-bimodule over C.
By [12, Proposition 4.2.] , we know that C ⊗ B M is actually aC G (N )-graded (C, C ′ )-bimodule. Moreover, observe that for allḡ ∈Ḡ, aḡ ∈ Cḡ, m ∈ M and c ∈ C, we have:
.
Theorem 3.9 (Butterfly theorem). LetĜ be another group with normal subgroup N , such that the block b is alsô G-invariant. Let C = OC G (N ). Assume that:
M induces aḠ-graded Morita equivalence over C between A and A ′ ;
(3) the conjugation maps ε : G → Aut(N ) andε :Ĝ → Aut(N ) satisfy ε(G) =ε(Ĝ).
. Then there is aĜ/N -graded Morita equivalence overĈ := OCĜ(N ) betweenÂ := bOĜ
Proof. Consider the following diagram: the (B, B) M as (B, B ′ ) -bimodules, for allḡ ∈Ḡ, to get a slightly stronger statement.
LetḠ B as a (B, B) -bimodule, that is,Ḡ[b] is the largest subgroupH ofḠ such that C A (B)H is a crossed product (see [3, 2.9] ). ThenḠ[b] is a normal subgroup ofḠ, and in particular, we 4 Scott modules Koshitani and Lassueur constructed in [7] and [8] Morita equivalences induced by certain Scott modules. We show here that their constructions can be extended to obtain group graded Morita equivalences over C = OC G (N ).
4.1.
Let Q be a Sylow p-subgroup of G and let G ′ = N G (Q) and N ′ = G ′ ∩ N . In this situation, we have that C G (N ) ⊆ G ′ , and let C = OC G (N ) and Z = Z(N ). Denote also
Let b ∈ Z(ON ) and b ′ ∈ Z(ON ′ ) be the principal block idempotents, and denote
As in [7] [13, Corollary 8.5] , we have that M ≃ Sc(N × N ′ , ∆(ZQ)). It is easy to see that the O(N × N ′ )-module Ind N ×N ′ ∆(ZQ) satisfies (z ⊗ 1)(n ⊗ n ′ ) ⊗ O∆(ZQ) 1 = (1 ⊗ z −1 )(n ⊗ n ′ ) ⊗ O∆(ZQ) 1 for all n ∈ N , n ′ ∈ N ′ and z ∈ Z. Since M is a direct summand of Ind N ×N ′ ∆(ZQ) , the claim follows.
5 Rickard equivalences over C By using the remarks made in [10, 5.2.1], we may extend the results of Section 3 to the case of Rickard equivalences. We keep the notations and assumptions of 3.1, and we use H b to denote a bounded homotopy category. in the appropriate bounded homotopy categories ofḠ-graded bimodules. We say that this equivalence is over C ifM is a complex ofḠ-graded (A, A ′ )-bimodules over C. This is compatible with the notation in 3.5, and E(U ) is still aḠ-graded algebra. We also have theḠ-graded algebra map
induced by c → (a ⊗ u → ac ⊗ u). In fact A ⊗ B U is a complex ofḠ-graded (A, C)-bimodules.
5.3.
Assume thatM induces aḠ-graded Rickard equivalence between A and A ′ , and sends U to U ′ ∈ H b (B ′ ). Then the functor M * ⊗ A (−) ⊗ A M is also a Rickard equivalence which preserves gradings byḠ ×Ḡ-sets of complexes of bimodules, and sends A to A ′ (concentrated in degree 0). We have the isomorphism of complexes ofḠ-graded bimodules β : A ′ ⊗ B ′ M * → M * ⊗ B A, a ′ḡ ⊗ B ′ m * → a ′ḡ m * u −1 g ⊗ uḡ for allḡ ∈Ḡ, and this gives the isomorphism
of complexes ofḠ-graded bimodules. By identifying C A (B) with End A⊗B op (A) op , we still have the isomorphism
ofḠ-gradedḠ-acted algebras.
5.4.
With these observations, it is easy to see that Remark 3.4, Proposition 3.6 and Proposition 3.8 still hold by replacing "Morita equivalence" with "Rickard equivalence" (and "modules" with "bounded complexes of modules"). On the other hand, according to [10, Theorem 5.2.5], in Theorem 3.3 we have to assume in addition that p does not divide the order ofḠ. Corollary 3.11 and Remark 3.12 can also be adapted to this situation.
Consequently, we have the following Rickard equivalence variant of the Butterfly Theorem (Theorem 3.9).
Theorem 5.5. LetĜ be another group with normal subgroup N , such that the block b is alsoĜ-invariant. Let C = OC G (N ). Assume that: Definition 6.2. We say that (A, B, V ) is a module triple, and we will consider its endomorphism algebra
Because we assumed that K contains all the unity roots of order |G| (see section 1), E(V ) is a twisted group algebra of the form K αḠ , with α ∈ Z 2 (Ḡ, K × ). We know that the class [α] ∈ H 2 (Ḡ, K × ) depends only on the isomorphism class of V , thus, in fact, [α] is determined by θ.
We recall from [15] the definition of the relations ≥ and ≥ c . 
